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1. 1NT~oDucT10N 
In a recent paper [7], we classified all finite groups G which satisfied the 
following three conditions: 
(a) If d is an element of order 3 in G, then a Sylow 2-subgroup of 
C,(d) is cyclic, dihedral, semi-dihedral or generalized quaternion. 
(b) G contains a subgroup isomorphic to 2, x E,. 
(c) All 2-locals in G are 2-constrained. 
The purpose of this paper is to generalize this result by replacing 
hypothesis (a) with the weaker hypothesis: 
(d) If d is an element of order 3 in G, then C,(d) has sectional 2-rank 
at most two. 
More specifically, we prove the following: 
THEOREM A. Suppose that G is a Jinite group satisfying hypotheses (b), 
(c) and (d) above. Then either G is 3-soluble, or else G has at most one 
insolvable composition factor, which is isomorphic to one of the following: 
b(q) (q odd), UO L,(3), L,(4), u,(3), u,(4), u,(3), J’sp,(3), G,(3), A,, 
A,, M,,, Jj. 
This has the following immediate corollary: 
COROLLARY B. Suppose that G is a finite simple group satisfying 
hypotheses (b), (c) and (d) above. Then G is isomorphic to U,(3), PSp,(3) or 
G,(3). 
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The notation used in this paper is fairly standard; the reader is referred to 
[6, 71. All groups will be assumed to be finite. 
2. PRELIMINARY RESULTS 
We list a couple of results that we shall use in the proof of Theorem A; 
the proofs are not difftcult, and we leave these to the reader. 
LEMMA 2.1. Suppose that G is a group in which all 2-locals are 2- 
constrained. 
(i) If H is normal in G, all 2-locals in H are 2-constrained. 
(ii) If H is normal in G and /HI is odd, then all 24ocals in G/H are 2- 
constrained. 
LEMMA 2.2. Suppose that S is a 2-group of sectional 2-rank 2., and 
suppose that S has a normal subgroup isomorphic to Q8. Then S has order 8 
or 16. 
3. AN INTERMEDIATE RESULT 
The purpose of this section is to prove the following result: 
THEOREM 3.1. Suppose that G is a group satisfying the following four 
hypotheses: 
(a) If d is an element of order 3 in G, then C,(d) has sectional 2-rank 
at most 2. 
(b) G contains a subgroup isomorphic to Z, X E,. 
(c) The socle of G is a 2-group. 
(d) G is 2-constrained. 
Then one of the following three possibilities occurs: 
(i) O,(G) is extra-special of width 2 and type (+), with G/O,(G) 
isomorphic to a subgroup of O:(2). 
(ii) O,(G) is extra-special of width 3 and type (-), and G/O,(G) is 
either a faithful extension of E, by a subgroup of GL,(3), or else is a faithful 
extension of a non-abelian group of order 27 by a 2-group. 
(iii) O,(G) is extra-special of width 4 and type (+), and G/O,(G) is 
either a faithful extension of E, by a subgroup of GL(2,3), or else is a 
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faithful extension of a non-abelian group of order 27 and exponent 9 by a 2- 
group. 
This is a generalization of Theorem A of [ 61. Where the methods of [ 6 ] 
are applicable to the proof of Theorem 3.1, we shall merely refer the reader 
to the appropriate section of [ 61. As in 161, let G denote a minimal coun- 
terexample to our result, set N= O,(G), and let S be a maximal normal 
elementary abelian 2-subgroup of G containing sot(G). Let D be an 
elementary abelian subgroup of G of order 9 such that ~C,(D)i is even. 
LEMMA 3.2. D centralizes S. 
Proof: Suppose not. As in Lemma 3.1 of 161, we may argue that 
C,(D) = 1. Set Q = S f7 Z(N). D acts on Q, and Co(d) is isomorphic to E, 
for some d in D#. If C,(D) is non-trivial, then d centralizes C,,(D) x C,(d), 
which has rank at least 3; so C,v(D) = 1. Let t be an involution in G 
centralizing D, and set V= N/@(N). For each d in D#, C,,(d) is either trivial 
or isomorphic to E,, and so t centralizes each C,.(d); but then t centralizes 
V, contradicting 2-constraint. 
COROLLARY 3.3. m(S)= 1 or 2. 
LEMMA 3.4. Zf m(S) = 2, then S < Z(G). 
Proof. Set H = C,(S), and suppose that H < G. Since H contains S x D, 
H contains a subgroup isomorphic to Z, X E,. Since sot(H) is characteristic 
in H, sot(H) is normal in G, and is thus a 2-group. Since O(H) = 1, we have 
that, if H is not 2-constrained, then E(H) is non-trivial, and then E(G) is 
non-trivial, a contradiction. So H satisfies the conclusions of Theorem 3.1 by 
the minimality of G, giving that S is cyclic, a contradiction. 
LEMMA 3.5. If m(S) = 2 and T < S, then O(G/T) = 1. 
Proof. Suppose that O(G/T) is non-trivial, and let ‘4 be the full pre- 
image of O(G/T). By the Schur-Zassenhaus theorem, we have that A = TB, 
where 1 B / is odd, and so A = T x B by Lemma 3.4. Since A is normal in G, 
B is normal in G, and so O(G) is non-trivial, a contradiction. 
LEMMA 3.6. If m(S) = 2 and T < S, then G/T is 2konstrained. 
Proof. Suppose that G= G/T is not 2-constrained. By Lemma 3.5, we 
have that E(G) is non-trivial. Let X be the full pre-image of E(G) in G, and 
set Y = X’. Since X/T is semi-simple, X’T = X, and so Y = (YT)’ = Y’ by 
Lemma 3.4. So E(G) is non-trivial, a contradiction. 
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LEMMA 3.7. urn(S)= 2, then S = C,(D). 
Proof: Choose T< S with / TI = 2. By Lemmas 3.5 and 3.6, G/T 
satisfies the conclusions of Theorem 3.1, and so N/T is extra-special. If 
S < C,(D), then G/S satisfies the conclusions of Theorem 3.1 also, and so 
N/S is extra-special also, a contradiction. 
LEMMA 3.8. S is cyclic. 
Proof: Choose d in D” such that C = C,(d) is non-trivial. Then 
m(C) < 2 and C admits D = D/(d) with C,(D) = S by Lemma 3.7. From 
[ 5 1, we see that C is isomorphic to Q, X Z, or Q, x Q,, a contradiction. 
LEMMA 3.9. N is extra-special. 
Proof: By Lemma 3.8, N has no non-cyclic characteristic abelian 
subgroups, and is thus of the form E * R as in Theorem 5.4.9 of [ 11. By the 
2-constraint of G, E is non-trivial. Suppose that R is cyclic. Then D 
centralizes R, and some d in D# centralizes a subgroup Q of E such that 
Z(E) < Q and 4Ql.W)) is even. But then d centralizes Q * R, which has 
sectional 2-rank at least 3, a contradiction. If R is dihedral, semi-dihedral or 
generalized quaternion (of order at least 16), then Q(R) = Q(N) is cyclic, 
and we may apply the above argument to C,(@(N)) = E*@(N). So R = 1 as 
required. 
LEMMA 3.10. N has width 4 and type (+), 
ProoJ Apply the arguments of Lemmas 3.4 and 3.5 and Section 4 of 16). 
LEMMA 3.11. A Sylow 3-subgroup of G is either elementary abelian of 
order 9 or else has order 27 and exponent 9; fi is self-centralizing in 
c = G/N. 
Proof. As for Lemmas 5.1 and 5.2 of 161. 
LEMMA 3.12. A Sylow 2-subgroup of the centralizer of an element of 
order 3 in G has order 1 or 2. 
Proof. Let d be an element of order 3 in G. As in [6], we may assume 
that C,(d) is isomorphic to Q,. If Q is a Sylow 2-subgroup of C,(d), then 
C,(d) is normal in Q, and the result follows from Lemma 2.2. 
We may now argue as in Lemmas 5.5, 5.6 and 5.7 and Section 6 of ]6] to 
complete the proof of Theorem 3.1. 
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4. PROOF OF THEOREM A 
Throughout this section, let G denote a minimal counterexample to 
Theorem A. 
LEMMA 4.1. sot(G) is isomorphic to E, n X E, m (n < 2, m > 0). 
Proox As in Sections 3 and 4 of [7], using Theorem 3.1 rather than the 
main result of [ 61. 
LEMMA 4.2. If U is a non-trivial subgroup of O,(soc(G)), S is a 2- 
subgroup of No(U), and Q is a normal subgroup of S which centralizes U, 
then m(S/Q) < 3. 
Proof. Set g= S/Q, and suppose that ,? is an elementary abelian 
subgroup of 3 of order 16. Choose & in x# such that V= C,,(a) is non- 
trivial. Let B be of order 8 such that A= (g, a>, and choose b in B# such 
that W = C,,(@ is non-trivial. Let c be of order 4 such that B= (c, b), and 
choose E in c’ such that X= C,(F) is non-trivial. Since X is centralized by 
(a; 6 4, C,(X) h as sectional 2-rank at least 3, a contradiction. 
COROLLARY 4.3. m(G)<3. 
Proof. Set U = O,(soc(G)), Q = 1, and let S E Syl,(G) in Lemma 4.2. 
COROLLARY 4.4. If t is an involution in G, then either t inverts every 
element of O,(soc(G)), or else m(C,(t)/(t)) < 3. 
Proof: If t does not invert every element of V= O,(soc(G)), then C,(t) is 
non-trivial. Set U= C,(t), Q = (t), and let S E Syl,(C,(r)) in Lemma 4.2. 
LEMMA 4.5. O,(G/O(G)) = 1. 
Proof: Suppose O(G) < O,,,,(G), and let S E SY~,(O~,.~(G)), so that 
G/O,,.,(G) is a subgroup of Out(S). By Corollary 4.3, m(S) < 3. But now G 
is not a counterexample to Theorem A by the main result of [4]. 
LEMMA 4.6. soc(G/O(G)) is isomorphic to E, a simple group of 2-rank 3 
and sectional 2-rank at least 5. Moreover, O(C,(t)) = 1 for each involution t 
in E. 
Proof. As for Lemmas 7.1 to 7.4 of 171. 
LEMMA 4.7. Some 2-local in E is non-solvable. 
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Proof. Suppose that all 2-locals in E are solvable, so that E is known by 
121. Since m(E) = 3, E is isomorphic to L,(B), U,(B) or Sz(8). L,(B) and 
Sz(8) do not give counterexamples to Theorem A, and Corollary 4.4 gives 
that E is not isomorphic to U,(B). 
We are now in a position to complete the proof of Theorem A. By 
Lemma 4.7, E contains a non-solvable 2-local M. Let S be a Sylow 2- 
subgroup of O,,,,(M). Since M is 2-constrained by Lemma 2.1, M/O,,.,(M) 
is a subgroup of Out(S). Using Corollary 4.4 and the main result of 141, we 
see that S is isomorphic to Z,n X Z, n X Z,n for some n, and that 
M/O,,,,(M) is isomorphic to GL(3, 2). Since GL(3,2) acts irreducibly on S, 
we have that O,(M) is isomorphic to Z,m x Z,m x Z,m for some m < II. 
Set Q = n,(O,(M)); since N,(Q) is non-solvable, we may assume that 
M = NE(Q). If M contains a Sylow 2-subgroup of E, then E has sectional 2- 
rank at most 4, contradicting Lemma 4.6. So we let R E Syl,(M), R < S E 
Syl,(E). If Q is characteristic in R, then R = N,(R), a contradiction. So R 
has a normal elementary abelian subgroup P of order 8 distinct from Q. 
Since P is not contained in O,(M), p is a non-trivial subgroup of R= 
R/O,(M). Suppose that m > 1, and set T= fl,(O,(M)). Then R acts 
faithfully as a subgroup of GL(3,2) on both T/Q and Q, and so pacts non- 
trivially on both T/Q and Q. But IP, T] <P f-l T < Q, so that p centralizes 
T/Q, a contradiction. Hence m = 1. But now Q = C,(Q), and so E has 
sectional 2-rank at most 4 by [ 3 1, a contradiction. 
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